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The present investigation addressed buoyancy-induced heat transfer in a partially divided square enclo-
sure. The transport equations were solved using the finite element formulation based on the Galerkin
method of weighted residuals. The validity of the numerical code used was ascertained by comparing
our results with previously published results. Results were obtained in terms of streamlines, isotherms,
and Nusselt number for various geometrical parameters specifying the height, width and position of the
heater. The effect of Rayleigh number in the range of 104

6 Ra 6 5 � 107 was highlighted in the proposed
work. The results revealed that all the parameters related to the geometrical dimensions of the heater
were significant on the flow field, isotherms, and heat transfer. The examined dimensionless geometric
dimensions employed along with their respective ranges were: heater width (0.005 6W 6 0.5), heater
height (0.005 6 H 6 0.5), and heater location (0 6 D 6 0.5). The investigation revealed that increased hea-
ter height, width, and location has enhanced the heat transfer due to increasing the surface area of the
heater.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Buoyancy-induced flow and heat transfer in enclosures has re-
ceived considerable attention by many researchers both experi-
mentally and numerically (Martynenko and Khramtsov [1]). This
attention stems from the importance of such geometry in cooling
devices for electronic instruments, building insulations, solar col-
lectors, double-glazed windows, and nuclear reactor core [2]. Fur-
thermore, natural convection in a closed cavity has been used as a
classical configuration for benchmark testing in CFD packages. A
comprehensive survey on this subject has been presented by Ost-
rach [3].

Natural convection heat transfer and fluid flow in partially di-
vided enclosures has been the subject of many studies in the last
few decades because of its importance in many applications. In a
number of applications related to the thermal control of elec-
tronic components [4–9], it is required to remove the generated
heat from the system by maintaining the temperature of the
electronic component equal or below a maximum operating
temperature. This temperature plays a major role in the perfor-
mance of the electronic device [10]. Different techniques have
been used to obtain a well-controlled thermal environment
including the traditional methods of natural and forced convec-
ll rights reserved.
tive cooling. Because suitable cooling is essential yet is con-
strained by acoustic requirements, natural convection cooling
has recently received an increasing consideration because of its
quiet operation and high reliability [11].

Varol et al. [12] analyzed numerically natural convection heat
transfer from a protruding heater located in a triangular enclosure.
The study was formulated in terms of the vorticity-stream function
procedure and numerical solution was performed using finite dif-
ference method. Their results showed that the location and height
of the heater were found to significantly affect flow and tempera-
ture fields. Increased heater height was found to enhance heat
transfer due to increasing heated surfaces. Yucel and Ozdem [13]
studied numerically natural convection in a square enclosure with
partially divided partitions using finite volume method. The hori-
zontal end walls of the enclosure were assumed adiabatic or per-
fectly conducting and the vertical sides were maintained at
uniform but different temperature. The results of that study dem-
onstrated that the average Nusselt number increased with increas-
ing Rayleigh number and decreasing the number of partitions.
Dagtekin and Oztop [14] studied natural convection by two heated
partitions with different heights within an enclosure. The right side
wall and the bottom wall of the enclosure were insulated perfectly
while the left side wall and top wall were maintained at the same
uniform temperature. The partitions were placed on the bottom of
the enclosure and their temperatures were kept higher than the
non-isolated walls. The authors observed that the average Nusselt
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Nomenclature

cp specific heat at constant pressure
d location of the heater
D non-dimensional location of the heater, d/L
g acceleration due to gravity
Gr Grashof number, gbDTL3/m2

h height of the heater
H non-dimensional height of the heater
k thermal conductivity
l length of the cavity
Nu local Nusselt number, defined in Eq. (8)
�Nu average Nusselt number, defined in Eq. (9)
p pressure
P dimensionless pressure, p/q(gbDTL)
Pr Prandtl number, m/a
Q total heat transfer
Ra Rayleigh number, Gr.Pr
T temperature
TC temperature of the cold wall
TH temperature of the heater
u x-velocity component
U dimensionless x-velocity component, u=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbDTL

p

v y-velocity component
V dimensionless y-velocity component, v=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbDTL

p
w width of the heater
W dimensionless width of the heater, w/L
x x-coordinate
X dimensionless X-coordinate, x/L
y y-coordinate
Y dimensionless Y-coordinate, y/L

Greek symbols
a thermal diffusivity
b coefficient of thermal expansion
m kinematic viscosity
h dimensionless temperature, (T � TC)/(TH � TC)
q density

Subscripts
C cold
H hot
n normal direction
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∂
∂

y

T
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number increased as the height of partitions increased and the
spacing between partitions increased.

Heat transfer in a differentially heated, partitioned, square
cavity containing heat generating fluid was studied numerically
by Oztop and Bilgen [15]. The vertical walls and the partition at-
tached to the bottom wall were assumed isothermal and the
horizontal walls were assumed perfectly insulated. The left ver-
tical wall was maintained at a higher temperature than both
the partition and the right wall. The authors illustrated that
the cold partition decreased heat transfer within the enclosure
and the heat reduction was gradually increased with increasing
partition height and thickness. Moreover, heat transfer within
the enclosure was also found to reduce significantly when the
partition was closer to the hot or cold wall. Recently, Corvaro
and Paroncini [16] conducted an experimental study of natural
convection in a differentially heated cavity by a hot strip
through a 2D-PIV system for Rayleigh number ranged from
6.5 � 104 to 3.2 � 105. The effect of the position of the source
on the fluid flow and heat transfer characteristics within the cav-
ity was analyzed in that study.

The main objective of this investigation is to analyze laminar
natural convection in a square enclosure with protruding isother-
mal heater. Thorough analysis of the effect of the protruding heater
on the heat transfer within the cavity will be carried out for various
pertinent parameters such as Rayleigh number, height of the hea-
ter, heater width, and heater location.
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Fig. 1. Schematic for physical model.
2. Mathematical formulation

The problem under investigation is a laminar two dimen-
sional laminar natural heat transfer convection in a cavity with
a protruding isothermal heater on the bottom wall. The physical
domain under consideration and coordinate system are shown in
Fig. 1. An isothermal partition of height h and width w is main-
tained at a temperature TH and is placed at a distance d from the
right wall as shown in the figure. The two vertical walls of the
enclosure are maintained at a constant temperature TC, while
maintaining TH > TC. The horizontal walls are assumed to be insu-
lated. In addition, the thermophysical properties of the fluid are
assumed constant, except for the density in the buoyancy term
in the momentum equations which is treated according to Bous-
sinesq model.

By assimilating the above assumptions, the system of the gov-
erning equations can be expressed

2.1. Continuity equation

@U
@X
þ @V
@Y
¼ 0 ð1Þ
2.2. Momentum equation

U
@U
@X
þ V

@U
@Y
¼ � @P

@X
þr

2Uffiffiffiffiffiffi
Gr
p ð2Þ

U
@V
@X
þ V

@V
@Y
¼ � @P

@Y
þr

2Vffiffiffiffiffiffi
Gr
p þ h ð3Þ



Table 1
Comparison of the average Nusselt number between the present results and those
reported in the literature.

Reference Ra = 105 Ra = 106 Ra = 108

Present 4.522 8.826 30.23
El-Refaee et al. [23] 4.512 8.800 30.32
Barakos and Mitsoulis [2] 4.510 8.806 30.10
Markatos and Pericleous [19] 4.430 8.754 N/A
De Vahl Davis [20] 4.519 8.799 N/A
Fusegi et al. [21] 4.646 9.012 N/A
Wan et al. [22] 4.592 8.976 31.48
Henkes et al. [24] N/A N/A 30.4
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2.3. Energy equation

U
@h
@X
þ V

@h
@Y
¼ r

2h

Pr
ffiffiffiffiffiffi
Gr
p ð4Þ

The above equations were normalized using the following dimen-
sionless parameters:
Fig. 2. Comparison of the isotherms and streamlines between the present resul
ðU;VÞ ¼ ðu; vÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbDTL

p ; P ¼ p
qðgbDTLÞ ; h ¼ T � TC

TH � TC
;

ðX;YÞ ¼ ðx; yÞ
L

; ð5Þ

where b is the fluid thermal expansion coefficient, q the fluid den-
sity, g the gravitational acceleration, P the dimensionless pressure,
U and V are the velocity components in x- and y-direction, respec-
tively. In addition, the relevant Grashof number and Prandtl num-
ber are given by Gr = gbDTL3/m2 and Pr = m/a, respectively.

The associated boundary conditions for the problem under con-
sideration can be expressed as:

X ¼ 0; 1 & 0 6 Y 6 1 : U ¼ V ¼ h ¼ 0
Y ¼ 1 & 0 6 X 6 1 : U ¼ V ¼ @h

@Y ¼ 0
Y ¼ 0 & 0 6 X 6 ðDþWÞ; ðDþWÞ 6 X 6 1 U ¼ V ¼ @h

@Y ¼ 0

ð6Þ

On the heater wall:

U ¼ V ¼ 0; h ¼ 1 ð7Þ
ts and other results reported in the literature at various Rayleigh numbers.



Fig. 3. Comparison of the streamlines between the present results and the PIV-
experimental results of Corvaro and Paroncini [16] (Ra = 6.39 � 104).

A. AlAmiri et al. / International Journal of Heat and Mass Transfer 52 (2009) 3818–3828 3821
The local Nusselt along the vertical wall of the enclosure is defined
as

Nun;left wall ¼ �
@h
@X

����
X¼0

;Nun;right wall ¼ �
@h
@X

����
X¼1

ð8Þ

Accordingly, the average Nusselt number is calculated by integrat-
ing the local Nusselt number along the wall

Nu ¼
Z 1

0
� @h
@X

dY ð9Þ
Fig. 4. Effect of varying Rayleigh number on the streamlines and isotherms
(Pr = 0.71, W = 0.2, D = 0.4, H = 0.25).
3. Numerical scheme

A finite element formulation based on the Galerkin method
was employed to solve the governing equations. The application
of this technique is well documented by Taylor and Hood [17]
and Gresho et al. [18]. In the current investigation, the contin-
uum domain was divided into a set of non-overlapping regions
called elements. Nine node quadrilateral elements with bi-qua-
dratic interpolation functions were utilized to discretize the
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Fig. 5. Effect of Rayleigh number on the V-velocity and temperature profiles along a horizontal mid-section of the cavity (Pr = 0.71, W = 0.2, D = 0.4, H = 0.25).
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physical domain. Moreover, interpolation functions in terms of
local normalized element coordinates were implemented to
approximate the dependent variables within each element. Sub-
sequently, substitution of the approximations into the system of
the governing equations and boundary conditions yielded a
residual for each of the conservation equations. These residuals
were then reduced to zero in a weighted sense over each ele-
ment using the Galerkin method.

The highly coupled and non-linear algebraic equations result-
ing from the discretization of the governing equations were
solved using a segregated-solution algorithm. The advantage of
this method is that the global system matrix is decomposed into
smaller submatrices and then solved in a sequential manner.
This technique resulted in considerably fewer storage require-
ments. A pressure projection algorithm was utilized to obtain a
solution for the velocity field at every iteration step. Further-
more, the pressure projection version of the segregated algo-
rithm was used to solve the non-linear system. In addition, the
conjugate residual scheme was used to solve the symmetric
pressure-type equation systems, while the conjugate gradient
squared method was used for the non-symmetric advection-dif-
fusion-type equations.



0

3

6

9

12

15

0.E+00 2.E+07 4.E+07 6.E+07
Ra

A
ve

ra
g

e 
N

u
ss

el
t 

n
u

m
b

er
   

   
  

Fig. 6. Effect of Rayleigh number on the average Nusselt number along the left wall
of the enclosure (Pr = 0.71, W = 0.2, D = 0.4, H = 0.25).
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4. Validation

The present numerical code was validated against the bench-
mark problem of natural convection in a square cavity at various
Fig. 7. Effect of varying heater width on the streamlines
Rayleigh numbers. Table 1 illustrates an excellent comparison of
the average Nusselt number between the present results and the
numerical results found in the literature [2,19–24]. Figs. 2 and 3
demonstrate a comparison of the isotherms and streamlines be-
tween the present results and the results reported by Barakos
and Mitsoulis [2] and El-Refaee et al. [23] for various Rayleigh
numbers. The comparisons reveal excellent agreement with the re-
ported studies. An additional verification on the accuracy of the
present numerical code is displayed in Fig. 4, which demonstrates
an excellent comparison of the streamlines between the present
numerical results and the PIV-experimental results by Corvaro
and Paroncini [16].
5. Results and discussion

The steady-state results presented in this work are generated
for different pertinent dimensionless groups: Rayleigh number
(104

6 Ra 6 5 � 107), heater width (0.005 6W 6 0.5), heater
height (0.005 6 H 6 0.5) and heater location (0 6 D 6 0.5). The de-
fault parameters are assigned values of AR = 1, W = 0.2, D = 0.4,
H = 0.25, Pr = 0.71 and Ra = 106 unless otherwise stated. The pre-
dicted field variables are presented in terms of the streamlines, iso-
therms and average Nusselt number.
and isotherms (Ra = 106, Pr = 0.71, D = 0.4, H = 0.25).



Fig. 8. Effect of varying heater width on the velocity components (Ra = 106, Pr = 0.71, D = 0.4, H = 0.25).
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Fig. 9. Effect of the heater width on the average Nusselt number along the left wall
of the enclosure (Ra = 106, Pr = 0.71, D = 0.4, H = 0.25).
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5.1. Effect of Rayleigh number (Ra)

The effect of Rayleigh number on the streamlines and iso-
therms is shown in Fig. 4 using AR = 1, W = 0.2, D = 0.4 and
H = 0.25. For low Rayleigh number values, the streamlines are
characterized by two symmetrical counter-rotating vortexes
occupying the entire cavity body. The corresponding isotherms
are mostly parallel to the vertical walls except along the top sur-
face of the heater. The contribution of convection is noticeable at
high Rayleigh numbers as evident by the departure of the iso-
therms from the vertical pattern. As Rayleigh number increases
to Ra = 106, convection mechanism becomes more pronounced
and consequently the central vortex moves upward. Further in-
crease in Rayleigh number to Ra = 107 causes distortion in the
central vortex. In addition, two secondary vortices develop along
the bottom surface of the cavity. Fig. 4 shows that the isotherms
are horizontal and become vertical inside the very thin boundary
layers. This can be attributed to high convection current within
the cavity which also causes a reduction in the temperature gra-
dients in the center of the cavity. For even higher values of
Ra = 5 � 107, Fig. 4 illustrates the presence of two small vortices
located on the upper surface of the hot strip. These vortices are
generated by the fluid that remains confined inside a small re-
gion, created by the two large vortices, on the upper surface of
the heater. The velocities at the center of the cavity are very
small compared with those at the vertical boundaries as well
as above the heater where the fluid is moving fast. This is evi-
dent in Fig. 5 where it demonstrates the vertical velocity and
temperature profiles along a horizontal plane passing through
the center of the cavity. The effect of Rayleigh number on the



Fig. 10. Effect of varying heater height on the streamlines and isotherms (Ra = 106, Pr = 0.71, D = 0.4, W = 0.2).
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mean Nusselt number of the heater is depicted in Fig. 6. It can
be seen from this figure that the average Nusselt number along
the left wall of the enclosure increases with increasing Rayleigh
number.

5.2. Effect of the heater dimensionless width (W)

The effect of the heater dimensionless width on the streamlines
and isotherms is illustrated in Fig. 7. It can be seen from this figure
that as the dimensionless width of the heater increases the
strength of the circulation is shifted to the left vortex. The left vor-
tex circulates counter-clockwise above the heater since the fluid is
heated along the heater and cooled along the cold left wall. How-
ever, the right vortex circulates clockwise next to the right wall.
The effect of the heater dimensionless width on the isotherms is
shown in Fig. 7. A strong plumelike flow is observed with the
increasing of the heater width. It is interesting to note from
Fig. 7 that the intensity of streamlines decreases as the width of
the heater increases from W = 0.005 to W = 0.3. However, the
intensity of streamlines increases for W P 0.4, as depicted in
Fig. 7, owing to the thinner boundary layer formation along the
vertical walls of the enclosure as the heater approaches the vertical
walls. This is evident in Fig. 8 where the vertical velocity compo-
nent increases significantly along the vertical walls of the enclo-
sure for W P 0.4. The effect of the heater width on the average
Nusselt number along the left wall of the enclosure is shown in
Fig. 9. As the width of the heater increases, the average Nusselt
number enhances due to increasing surface area offered by the
heater and increasing intensity of convection current within the
enclosure. Although the intensity of convection decreases for hea-
ter width ranges between W = 0.005 and W = 0.3, the average Nus-
selt number increases since the effect of the heater surface area is
dominant.

5.3. Effect of the heater dimensionless height (H)

The effect of the heater dimensionless height on the stream-
lines and isotherms is demonstrated in Fig. 10. The flow pat-
terns and temperature distributions are symmetrical on either
side of the heater as depicted in Fig. 10. As the height of the
heater increases, the streamlines values decrease within the
enclosure decreases. In addition, the size of the central vortex
decreases with increasing the height of the heater. However,
Fig. 11 illustrates that the vertical velocity component increases
along the vertical walls of the enclosure which indicates thinner
boundary layers and, consequently, the overall heat transfer en-
hances within the enclosure. This is evident in Fig. 12 as the
height of the heater increases; the average Nusselt number at
the left wall of the enclosure is augmented due to additional
surface area offered by the heater for heat transfer communica-
tion and thinner boundary layers along the vertical walls of the
enclosure.



Fig. 11. Effect of varying heater height on the velocity components (Ra = 106,
Pr = 0.71, D = 0.4, W = 0.2).
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Fig. 12. Effect of the heater height on the average Nusselt number along the left
wall of the enclosure (Ra = 106, Pr = 0.71, D = 0.4, W = 0.2).
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5.4. Effect of the heater dimensionless location (D)

The effect of the heater dimensionless location on the stream-
lines and isotherms is illustrated in Fig. 13. As the heater moves
towards the center of the enclosure, the strength of the right
vortex increases until D = 0.2. Afterward, the strength of the right
vortex decreases and the strength of the left vortex increases un-
til the heater is symmetrically placed at the middle of the bot-
tom surface i.e., D = 0.4. Fig. 14 manifests this observation,
where the vertical velocity component along the vertical walls
of the enclosure reaches its maximum for D = 0.2, and afterwards
starts to decrease with an increase in the heater dimensionless
location. Fig. 13 shows that further increase in the heater loca-
tion (D = 0.5) causes the flow and temperature patterns to repeat
themselves. The effect of the heater location on the average Nus-
selt number is demonstrated in Fig. 15. As the heater location in-
creases, the average Nusselt number increases significantly until
D = 0.2 afterward the average Nusselt number increases at a
smaller rate.
6. Heat transfer correlation

The average Nusselt number along the left wall of the
enclosure is correlated over a wide range of various pertinent
dimensionless groups employed in this investigation, such as
the Rayleigh number 104

6 Ra 6 5 � 107, heater thickness
(0.005 6W 6 0.5), heater height (0.005 6 H 6 0.5) and heater
location (0 6 D 6 0.5). This correlation can be mathematically ex-
pressed as follows:

Nu ¼ 3:615þ Ra0:441W2:144H2:892D0:429

ðW þ HÞ3
ð10Þ

where the confidence coefficient for the above equation is
R2 = 96.6%. A graphical representation of the above correlation is
illustrated in Fig. 16. This figure demonstrates a very good agree-
ment between the numerical results and those obtained by the
correlation.
7. Conclusions

Buoyancy-induced flow and heat transfer in a square cavity
with an isothermal protruding heater was studied numerically
for various pertinent dimensionless groups. Effects of dimension-
less groups representing the Rayleigh number, height of heater,
width of the heater and the location of the heater were
highlighted to study their impacts on flow structure and heat



Fig. 13. Effect of varying heater location on the streamlines and isotherms (Ra = 106, Pr = 0.71, H = 0.25, W = 0.2).
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transfer characteristics. The results reveal that Nusselt number
increases with the increasing of Rayleigh number. Moreover, it
is observed that the location, height and width of the heater
Fig. 14. Effect of varying heater location on the velocity
have significant effect on flow, temperature fields, and heat
transfer. Increased heater height, width and location increase
the average Nusselt number.
components (Ra = 106, Pr = 0.71, H = 0.25, W = 0.2).
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Fig. 16. Comparison of the average Nusselt number between the present numerical
results and Eq. (10) (Ra = 106, Pr = 0.71, H = 0.25, W = 0.2).
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Fig. 15. Effect of the heater location on the average Nusselt number along the left
wall of the enclosure (Ra = 106, Pr = 0.71, H = 0.25, W = 0.2).
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